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Andrew Nafalski, Senior Member, IEEE, and Özdemir Göl
Abstract—Methods of analyzing magnetic fields in rotating ma-
chines using nonconforming meshes, in which only an interpolation
technique is applied, are investigated. The effect of the continuity
of potentials at nonconforming surfaces on accuracy is examined.
It is shown that although the flux distribution is not affected by
the discontinuity of the potential, the force and torque are fairly
affected by the discontinuity. Therefore, it is shown that a contin-
uous method, or a discontinuous method using a fine mesh should
be used especially in force and torque calculation. An analysis of an
induction motor is also carried out using a nonconforming mesh.
Index Terms—Electromagnetic analysis, force calculation, mesh
generation, rotating machines.
I. INTRODUCTION
I N THE ANALYSES of magnetic fields in rotating machines,if the meshes of the rotor and the stator can be generated sep-
arately, the problem of mesh generation is simplified. Moreover,
the rotor should be able to rotate freely without being restricted
by the positions of the nodes at the surfaces of the rotor and
stator meshes, to be of practical use. The use of nonconforming
meshes [1], in which the positions of adjacent nodes at noncon-
forming surfaces do not coincide with each other, satisfies the
above requirements. Although nonconforming techniques [1],
[2] with Lagrangian multipliers have already been developed for
the rotating machine, the application of methods [3]–[6] using
only an interpolation technique of the potential is also attractive
because they are very simple and the matrices do not become
ill-conditioned [4].
In this paper, the methods for applying two interpolation
techniques with continuous and discontinuous [6] potential dis-
tributions at the nonconforming surfaces are described. Then,
these methods are compared with each other from the view-
points of the accuracy of flux distribution and electromagnetic
force. To investigate the effectiveness of the nonconforming
mesh, an analysis of torque of an induction motor is also
accomplished.
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Fig. 1. Mesh with nonconforming nodes.
II. METHOD OF ANALYSIS
A. Nonconforming Mesh
A 2-D example of a nonconforming mesh using first-order
rectangular elements is shown in Fig. 1. The black circles de-
note nonconforming nodes. The location of the nodes do not
coincide with each other between adjacent elements at the non-
conforming surface – . When the nonconforming technique is
applied in the gap between the rotor and the stator in rotating
machines, the meshes can be generated separately and the rotor
can be rotated freely without being restricted by the positions
of the nodes. When the analysis using this mesh is carried out,
the potentials at the nonconforming surface have to be interpo-
lated in terms of those on the opposite side in order to have a
relationship between each other. In the next section, methods of
interpolation with the discontinuous and continuous potential
distributions are described.
B. Discontinuous Method
In this method, the potentials of the nonconforming nodes on
one side, where the mesh density is larger, are interpolated by
those on the opposite side. For example, the potentials at the
nodes , are linearly interpolated by those at the nodes , and
in Fig. 1. In this case, the potentials on the line – become
discontinuous with each other as shown in Fig. 2, because the
potential in each element changes individually and linearly. We
call this method the “discontinuous method.” The software in
this method can be simple but the effect of the discontinuity of
potential on accuracy should be examined.
C. Continuous Method
In order to modify the discontinuous potential distribution to
the continuous one, the temporary mesh, which is generated by
0018–9464/00$10.00 © 2000 IEEE
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Fig. 2. Potential distributions along lin a–b.
Fig. 3. Modified temporary mesh.
subdividing the elements including the nonconforming nodes on
the edges, is used [5]. For example, the original element in
Fig. 1 is subdivided into the temporary elements and
as shown in Fig. 3. Then, the nonconforming nodes on the line
– become the conforming ones and, for example, the tempo-
rary nonconforming node is newly added on the line – .
The temporary nonconforming node is linearly interpolated
by the adjacent conforming nodes and , and the potentials
on the line – become continuous because the potentials are
interpolated by only the potentials of nodes and . As a re-
sult, the potentials on the line – become continuous as shown
in Fig. 4. We call this method the “continuous method.” In this
method, the potentials can be continuous in the whole region but
the software becomes complex due to the reconstruction of the
mesh.
III. EFFECT OF CONTINUITY OF POTENTIAL ON ACCURACY
A. Analyzed Model and Conditions
A 2-D simple model is shown in Fig. 5. In this model, the
flux is produced by the magnet and an electromagnetic force is
generated between the magnet and the pole piece. The relative
position, , between the magnet and the pole piece is changed
from 0–5 mm. The magnetization of the magnet and the relative
permeability of the pole piece are assumed to be equal to 1 T
and 1000 respectively. The eddy currents in the magnet and the
pole piece are neglected.
The whole meshed region is subdivided into coarse and fine
first-order rectangular elements. Fig. 6 shows the coarse mesh at
mm. The meshes on the magnet and pole piece sides
are generated separately and the meshes are put together at the
Fig. 4. Potential distributions along line a –b .
Fig. 5. Analyzed model.
arbitrary position . The meshes are divided uniformly in the
-direction and the mesh sizes in this direction for the coarse and
fine meshes are 1 mm and 0.5 mm respectively. Therefore, the
coarse and fine meshes become the ordinary conforming meshes
when is a multiple of 1 mm and 0.5 mm.
The periodic boundary conditions are imposed on boundaries
– – – and – – – and the Dirichlet boundary conditions
are imposed on the boundaries – and – .
B. Results and Discussion
Fig. 7 shows the flux distribution at mm obtained
from the discontinuous method with the coarse mesh. Fig. 8
shows the change of the -component of flux density, , at
the point s, shown in Fig. 5, with when the coarse mesh is
used. The symbols and and in Figs. 8 and 9 denote that the
results are obtained from the ordinary conforming meshes. The
results obtained from the discontinuous and continuous methods
in Fig. 8 are both reasonable, because they change smoothly
even if the meshes become of the nonconforming type. More-
over, the error due to the discontinuity of potential may be ne-
glected for the calculation of flux distribution, because the two
cases are in good agreement with each other.
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Fig. 6. Mesh (coarse mesh, D = 4:75).
Fig. 7. Flux distribution (discontinuous method, coarse mesh) D = 4:75.
Fig. 8. Change of flux density (coarse mesh).
Fig. 9 shows the changes of the -component of the elec-
tromagnetic force, , of the magnet and the pole piece with
. The electromagnetic force is calculated by the nodal force
method [7]. Although the electromagnetic force should change
smoothly with as for results by the continuous method, the
results obtained from the discontinuous method have spurious
Fig. 9. Change of electromagnetic force.
oscillations. Therefore, the effect of the discontinuity of poten-
tial on the electromagnetic force cannot be neglected, because
higher accuracy is required for force calculation. Fig. 9(b) shows
that the spurious oscillation in the discontinuous method can be
reduced if the fine mesh is used. Therefore, in order to eval-
uate the electromagnetic force using the nonconforming mesh,
the continuous method, or the discontinuous method with fine
mesh, should be used.
IV. APPLICATION
A nonconforming technique is applied to a 2D magnetic
field analysis in an induction motor in order to investigate its
effectiveness .
A. Model
Fig. 10 shows the model of an induction motor without skew.
The motor is one of the verification models proposed by the
IEEJ. The detailed data of this motor is shown in Table I. The
rotor and stator cores are made of the silicon steel 50A1300 and
the nonlineality is taken into account. The conductivity of the
aluminum rotor bar is assumed to be S/m by revising
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Fig. 10. Induction motor (thickness: 42 mm).
TABLE I
DETAILS OF INDUCTION MOTOR
the conductivity to 2-D analysis. Only 1/2 of the whole region
is analyzed due to symmetry.
B. Meshes and Analyzed Condition
Fig. 11 shows the mesh with the first order quadrilateral ele-
ments. The nonconforming technique is applied in the gap be-
tween the rotor and the stator. The mesh is made fine enough to
neglect the effect of the discontinuity of the potential. The total
number of elements and nodes are 23 778 and 24 790, respec-
tively. The discontinuous method is applied. The steady state is
obtained using the step-by-step method. The time interval
is chosen so that the rotor rotates at 0.88 deg. during . The
periodic boundary condition is used.
C. Results and Discussion
Fig. 12 shows the waveforms of the torque at steady state at
1125 rpm. As the time interval can be chosen to be small
enough without being restricted by the positions of the nodes
by using the nonconforming technique, the high frequency phe-
nomena can be also evaluated.
The current and the torque obtained from the calculation are
compared with measurements and are shown in Fig. 13. The
results show that the calculated and the measured values are in
good agreement.
Fig. 11. Mesh of induction motor.
V. CONCLUSIONS
The effect of the continuity of potential on accuracy is inves-
tigated in the magnetic field analysis using the nonconforming
mesh. The nonconforming technique is also applied to the in-
duction motor.
The results obtained can be summarized as follows:
1) The interpolation techniques with continuous and discon-
tinuous potential distributions at the nonconforming sur-
faces of rotating machines are described.
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Fig. 12. Wafeform of torque [1125 rpm (s = 0:25)].
Fig. 13. Comparison between calculation and measurement.
2) The flux distribution is not affected by the discontinuity
of the potential.
3) The force is affected by the discontinuity of the potential.
Therefore, the continuous method, or the discontinuous
method using a finer mesh compared with the ordinary
finite element method, should be used for force calcula-
tion.
4) The effectiveness of the method using the nonconforming
mesh is shown in the analysis of the induction motor.
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